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A HOPF INDEX THEOREM FOR FOLIATIONS
VICTOR BELFI, EFTON PARK, AND KEN RICHARDSON
Abstract. We formulate and prove an analog of the Hopf Index Theorem for
Riemannian foliations. We compute the basic Euler characteristic of a closed Rie-
mannian manifold as a sum of indices of a non-degenerate basic vector field at
critical leaf closures. The primary tool used to establish this result is an adapta-
tion to foliations of the Witten deformation method.
1. Introduction
The Euler characteristic is one of the simplest homotopy invariants of a smooth,
closed manifold. We begin by briefly reviewing some standard theorems of topology
which establish the equivalence of three ways of computing it. Then we proceed to
new analogs for Riemannian foliations, where more details will be supplied.
For a smooth, closed manifold M , we define the Euler characteristic as
χ(M) =
∑
(−1)k dimHk(M),
where Hk is de Rham cohomology. According to classical results of de Rham the
spaces Hk(M) are finite-dimensional and homotopy invariant; thus the definition of
χ(M) makes sense and is homotopy invariant. An alternate route to the finite di-
mensionality of Hk and the topological invariance of χ goes by way of the Cˇech-de
Rham double complex, which computes the de Rham cohomology and provides an
isomorphism with the Cˇech cohomology of a finite good cover of M (here “good”
means that non-empty finite intersections are diffeomorphic to Rn). Using this iso-
morphism one can define the Euler class e(E) ∈ Hn(M) of an oriented (n−1)-sphere
bundle E → M . The vanishing of the Euler class is a necessary, but not in general
sufficient, condition for the bundle to have a section. In the case that e is the Euler
class of the sphere bundle associated with the tangent bundle of M ,
∫
M
e = χ(M).
A corollary of this is the Hopf Index Theorem: χ(M) is the sum of the indices of the
singular points of any non-degenerate vector field on M . Details can be found in [2].
Suppose that a smooth, closed manifold M is endowed with a smooth foliation F .
A form ω onM is basic if for every vector fieldX tangent to the leaves, i(X)ω = 0 and
i(X)(dω) = 0, where i(X) denotes interior product with X . The exterior derivative
of a basic form is again basic, so the basic forms are a subcomplex Ω∗B (M, F) (or
Ω∗B (M)) of the de Rham complex Ω
∗ (M). The cohomology of this subcomplex is
the basic cohomology H∗B (M,F) .
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Suppose F has codimension q. The basic Euler characteristic is defined as
χB (M,F) =
q∑
k=0
(−1)k dimHkB (M,F) ,
provided that all of the basic cohomology groups are finite-dimensional. Although
H0B (M,F) andH1B (M,F) are always finite-dimensional, there are foliations for which
higher basic cohomology groups can be infinite-dimensional. For example, in [6], the
author gives an example of a flow on a 3-manifold for which H2B (M,F) is infinite-
dimensional. Therefore, we must restrict our investigation to a class of foliations for
which the basic cohomology is finite-dimensional. A large class of foliations with this
property are Riemannian foliations ; a foliation is Riemannian if its normal bundle
admits a holonomy-invariant Riemannian metric. There are various proofs that the
basic cohomology of a Riemannian foliation on a closed manifold is finite-dimensional;
see for example [4] for the original proof using spectral sequence techniques or [7] and
[13] for proofs using a basic version of the Hodge theorem.
In Section 2 we develop a basic version of Cˇech-de Rham cohomology along the
lines of [2]. The assumption that the foliation is Riemannian is needed to obtain basic
partitions of unity and the basic Mayer-Vietoris sequence. For the basic Poincare´
lemma we further assume that all of the leaves are closed. Examples are given to show
that these conditions are necessary. The basic Cˇech-de Rham theorem establishes the
equivalence of H∗B and Hˇ
∗
B, if all the leaves are closed. Examples show that the basic
Cˇech cohomology and the basic de Rham cohomology are not necessarily isomorphic
for Riemannian foliations in general.
A primary goal of this paper is to establish a foliation version of the Hopf Index
Theorem. However, the standard proofs of this theorem do not carry over, even
for Riemannian foliations. The problem is there are many Riemannian foliations
that have a nonzero basic Euler characteristic, yet have trivial top-dimensional basic
cohomology (for example, a non-taut Riemannian foliation ([17]) can possess this
property). Thus it is impossible for these foliations to have any sort of basic Euler
class that can be integrated to obtain the basic Euler characteristic (we do mention
that for taut Riemannian foliations, one can define a nontrivial basic Euler class [19]).
To establish a Hopf Index Theorem for Riemannian foliations, another approach is
required. The approach we use, which is in Section 3, involves a modification of the
Witten deformation of the de Rham complex to the foliation case. Let V be a basic
vector field on (M,F); i.e., a vector field on M whose flow maps leaves to leaves (see
[12] or [17], for example). In analogy with what is needed in the classical Hopf Index
Theorem, we require that V satisfy a transverse nondegeneracy condition, which we
call F -nondegeneracy. We say that a leaf closure is critical for V if V is tangent
to F at that leaf closure. When V is F -nondegenerate, the critical leaf closures are
necessarily isolated. For each critical leaf closure L, we define the index indL(V ) of
V at L; just as in the classical case, this index is always ±1.
Next, let dB be the restriction of the exterior derivative to basic forms, let δB
denote the formal adjoint of dB, and for each real number s, define the basic Witten
differential
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DB,s = dB + s i (V ) + δB + sV
♭∧ : Ω∗B (M)→ Ω∗B (M) .
We show that the index of DB,s is independent of s, and examine the behavior of
this operator as s goes to infinity. In the limit, the formula for the index of DB,s
concentrates at the critical leaf closures. We next establish the necessary analytic
properties of the basic Witten deformation. This leads to Theorem 3.18: Let (M,F)
be a Riemannian foliation, and let V be a basic vector field that is F -nondegenerate.
Given a critical leaf closure L, let OL = OL (V ) denote the orientation line bundle
of V at L (Definition 3.1). Then
χB (M,F) =
∑
L critical
indL (V )χB (L,F ,OL) .
where χB (L,F ,OL) is the alternating sum of the dimensions of the certain coho-
mology groups H∗B (L,F ,OL) associated to the foliation F restricted to L(Definition
3.17). We remark that in many simple cases, χB (L,F ,OL) = 1, whence our formula
takes on the precise form of the classical Hopf Index Theorem.
One important implication (Corollary 3.20) of this result is that if (M,F) admits
a basic vector field that is never tangent to the leaves, then χB (M,F) = 0. For
example, this implies that if F has codimension 1 or 2 and has such a basic vector
field, then M has infinite fundamental group (Corollary 3.21).
2. Basic Cˇech and de Rham Cohomologies
Let M be a compact manifold, and let F be a Riemannian foliation on M . Let J
be a finite ordered set, and let U = {Uα}α∈J be a finite basic open cover of M ; i.e., a
finite open cover in which each set Uα is a union of leaves. Such an open cover always
exists in this case, because tubular neighborhoods of leaf closures are unions of leaves.
For α0, α1, · · · , αn an increasing sequence of indices define Uα0α1···αn =
⋂n
i=0 Uαi , and
let ΩpB(Uα0α1···αn) be the collection of basic p-forms on Uα0α1···αn . Define
δ :
∏
Ω∗B(Uα0α1···αk) −→
∏
Ω∗B(Uα0α1···αk+1)
by the formula
(δω)α0α1···αk+1 =
k+1∑
i=0
(−1)iωα0···α̂i···αk+1,
where each form is restricted to the appropriate subset. It is convenient to extend
the index set of the product to include all sequences of the appropriate length from
J , regardless of order or repetition, and to adopt the convention that interchanging
indices of a component introduces a minus sign. So, for example, ωα2α1 = −ωα1α2 for
all α1and α2 in J . It is straightforward to check that the definition of δ respects the
sign convention and δ2 = 0.
Definition 2.1. A basic partition of unity subordinate to a basic open cover {Uα} is
a partition of unity {ρα} consisting of basic functions ρα; that is, functions that are
constant on leaves.
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Lemma 2.2. Every basic open cover of a Riemannian foliation admits a basic par-
tition of unity.
Proof. Endow the manifold with a bundle-like metric, and choose any partition of
unity subbordinate to the basic cover. Orthogonally project the functions in the
partition of unity to the space of basic functions; the smoothness and other desired
properties of the resulting functions are guaranteed by the results of [13].
Theorem 2.3. (Basic Mayer-Vietoris Sequence) The sequence
0 −→ Ω∗B(M) r−→
∏
Ω∗B(Uα0)
δ−→
∏
Ω∗B(Uα0α1)
δ−→ · · ·
is exact, where r denotes the restriction map.
Proof. The proof of this theorem is the same as the proof of Theorem II.8.5 in [2],
with forms replaced by basic forms and partitions of unity replaced by basic partitions
of unity.
Remark 2.4. If the foliation is not Riemannian, it may not admit basic partitions
of unity, and in such cases, the Mayer-Vietoris sequence may fail to be exact. To
describe such an example, we begin with some notation. For each real number t
and open interval (a, b), let Lt(a,b) be the curve
{(
x, 1
x−a +
1
b−x + t
) | a < x < b} in
R2. Foliate [0, 1) × R by the lines x = 1
3
and x = 2
3
, along with Reeb components
Lt
(0, 13)
, Lt
( 13 ,
2
3)
, and Lt
( 23 ,1)
, where t ranges over all real numbers. Let T2 ⊂ C2 be the 2-
torus, and consider the open map p : [0, 1)×R −→ T2 given by p(x, y) = (e2πix, e2πiy).
Then the image under p of our foliation on [0, 1)×R determines a foliation on T2. Let
U0 =
(
0, 2
3
)×R, U1 = (13 , 1)×R ,and U2 = ([0, 13) ∪ (23 , 1))×R. There does not exist
a basic partition of unity subordinate to the basic open cover {p (U0) , p (U1) , p (U2)}
of T2, because the only basic functions are the constant ones. To see that the Mayer-
Vietoris sequence is not exact in this example, first note that the intersection of all
three sets in our basic open cover is empty. Therefore, for basic functions, we have
the following piece of the Mayer-Vietoris sequence:
C∞B (p (U0))⊕ C∞B (p (U1))⊕ C∞B (p (U2)) δ−→
C∞B (p (U0 ∩ U1))⊕ C∞B (p (U1 ∩ U2))⊕ C∞B (p (U0 ∩ U2)) −→ 0.
The map δ here is given by the formula δ(c0, c1, c2) = (c1−c0, c2−c1, c2−c0), which
is not surjective since there is a nontrivial relation among the three components of
the image of δ.
Remark 2.5. Even if a basic open cover of a (necessarily) non-Riemannian foliation
does not admit basic partitions of unity, it is possible for the Mayer-Vietoris sequence
to be exact. One such example is as follows; we maintain the notation of the previous
remark. Foliate [0, 1)× R by leaves of two sorts: straight lines La = {(a, y) | y ∈ R}
for 0 ≤ a ≤ 1
2
, and a Reeb component Lt
( 12 ,1)
, t ∈ R. As in the previous remark,
the image under p of this foliation of [0, 1) × R determines a foliation on T2. Let
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U0 = (0, 1) × R and U1 =
([
0, 1
4
) ∪ (1
2
, 1
)) × R. Then there does not exist a basic
partition of unity subordinate to the basic open cover {p (U0) , p (U1)} of T2, because
every basic function on the Reeb component must be constant. In spite of this, it
is straightforward to check that the Mayer-Vietoris sequence associated to this basic
open cover is exact.
There are various cohomology theories that one can associate to the foliation F .
Note that the exterior derivative dω of a basic form ω is basic, and therefore the
collection of basic forms of F is a subcomplex of the de Rham complex. The coho-
mology of this subcomplex is denoted H∗B(M,F), and is called the basic de Rham
cohomology of (M,F).
Another cohomology theory can be defined for any basic open cover U of (M,F).
For each p ≥ 0, define
CpB(U ,R) = ker
(
d :
∏
Ω0B(Uα0···αp) −→
∏
Ω1B(Uα0···αp)
)
.
It is easy to check that (C∗B(U ,R), δ) is a cochain complex; we declare its cohomology
HˇpB(U ,R) to be the basic Cˇech cohomology of the basic open cover U .
Our immediate goal is to show that for “nice” covers U , basic de Rham cohomology
and basic Cˇech cohomology are isomorphic. To do this, we need a foliation version
of the Poincare´ lemma.
Proposition 2.6. (Basic Poincare´ Lemma) Let F be a Riemannian foliation of M ,
suppose that all of the leaves of F are closed, and equip M with a bundle-like metric.
Let L be a leaf; for ε > 0, let U be the tubular neighborhood of L consisting of points
that are a distance less than ε from L. Then, for ε sufficiently small and for k > 0,
every closed basic k-form on U is exact.
Proof. First observe that since we have given M a bundle-like metric, the tubular
neighborhood U is a union of leaves, and so the restriction F |U of F to U makes
sense. Choose ε small enough so that U misses the cut locus of L; sinceM is compact
and L is closed, this can always be done. Fix x ∈ L, and let D be the exponential
image of the ball of radius ε in the normal space NxL. Then
ΩkB(U)
∼= {η ∈ Ωk(D) | η is holonomy invariant} .
The holonomy of F acts by a finite subgroup Γ of the orthogonal group ([12]), so we
have
ΩkB(U)
∼= {η ∈ Ωk(D) |g∗η = η for all g in Γ} ,
and this isomorphism commutes with the exterior derivative. Suppose ω ∈ ΩkB(U) is
closed, and let η ∈ Ωk(D) be the closed form associated to ω via the isomorphism
above. Since D is diffeomorphic to Euclidean space, there exists by the ordinary
Poincare´ lemma a form µ ∈ Ωk−1(D) such that dµ = η. Now, µ may not be Γ-
invariant, but the averaged form ζ = 1|Γ|
∑
g∈Γ g
∗µ is, and dζ also equals η. Therefore
η, and hence ω, is exact.
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Definition 2.7. A basic good cover of (M,F) is a basic open cover U of (M,F) with
the feature that the basic cohomology of each intersection is trivial.
When all of the leaves of F are closed, the basic Poincare´ lemma implies that we
can obtain a basic good cover by covering each leaf by a sufficiently small tubular
neighborhood. In fact, since M is compact, we can choose a finite basic good cover
of M.
Theorem 2.8. (Basic Cˇech-de Rham Theorem) Suppose F is Riemannian and con-
sists entirely of closed leaves, and suppose that U is a basic good cover of M . Then
H∗B (M,F)∼=Hˇ∗B (U ,R) .
Proof. For each p, q ≥ 0, let Cp (U ,ΩqB) be the collection of basic q-forms restricted
to (p+ 1)-fold intersections, and define a double complex
C∗ (U ,Ω∗B) =
⊕
p,q≥0
Cp (U ,ΩqB) .
The horizontal differential is the map δ defined above, and the vertical differential is
(−1)pd, where d is the exterior derivative. We compute the cohomology H∗ (U ,Ω∗B)
of this double complex in two ways.
First, augment C∗ (U ,Ω∗B) by the column
⊕
q≥0Ω
q
B(M), and then map into⊕
q≥0C
1 (U ,ΩqB) by the restriction map r. By Theorem 2.3, the rows of the aug-
mented double complex are exact. By [2, p. 97], the cohomology H∗ (U ,Ω∗B) of the
original double complex is isomorphic to the cohomology of the initial column, which
is precisely the basic de Rham cohomology H∗B(M,F) of (M,F).
Second, augment the original double complex with the row
⊕
p≥0C
p
B (U ,R). Then
the columns of the new double complex are exact, and thus Hˇ∗B (U ,R) is also isomor-
phic to H∗ (U ,Ω∗B).
Corollary 2.9. The group HˇpB (U ,R) is independent of the choice of basic good cover
U .
Corollary 2.10. If F is a Riemannian foliation and consists entirely of closed leaves,
then H∗B(M,F) is finite-dimensional.
In fact, the group H∗B(M,F) is finite-dimensional for any Riemannian foliation F ,
as mentioned in the introduction.
Remark 2.11. The basic Cˇech-de Rham theorem is not necessarily true if the Rie-
mannian foliation F has some non-closed leaves. Consider the foliation of the 2-torus
T2 foliated by translates of a line of irrational slope. In this case, the only nonempty
basic open set is T2 itself, so there is only one basic open cover U to choose. Clearly
Hˇ1B (U ,R) ∼= 0, whereas it is straightforward to check that H1B(M,F) ∼= R. Note also
that since H1B(M,F) is nontrivial, the basic Poincare´ lemma fails in this example.
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3. Witten deformation of the basic de Rham complex
For the remainder of this paper, F is a Riemannian foliation on a smooth compact
manifoldM , andM is equipped with a bundle-like metric; ωvol will denote the volume
form associated to the metric.
Let V be a smooth vector field on (M,F). We say that V is a basic vector field
if for every vector field X in TF , [V,X ] is in TF . If in addition V (x) is in NxF
(the normal space to the leaf at x) for every x ∈ M, we will say that V is a basic
normal vector field. Basic normal vector fields always exist; the projection of any
basic vector field onto NF is such a vector field. Associated to a basic vector field V
is a one-parameter family of diffeomorphisms of M that preserves the foliation F .
Let V be a basic vector field. Let L be a leaf closure with the property that V is
tangent to every leaf in L; such a leaf closure will be called a critical leaf closure for
V . We note in passing that if a basic vector field is tangent to the foliation at any
point, it is in fact tangent to every leaf in the leaf closure. Define the linear part of V
at x ∈ L to be the linear map VL : NxL→ NxL defined by X 7→ pi
[
V,X
]
x
, where X
is any vector field that restricts to X at x, and pi : TxM → NxL is the projection map.
The basic vector field V will be called F-nondegenerate if the linear part of V is an
isomorphism at each point of every critical leaf closure. Every Riemannian foliation
F admits F -nondegenerate basic vector fields; simple examples are gradients of basic
Morse functions (see [1]). A critical leaf closure for a F -nondegenerate basic vector
field V is necessarily isolated. We say that a nondegenerate vector field V has index
1 (respectively, index −1) at a critical leaf closure L if the determinant of the linear
transformation VL is everywhere positive (respectively, negative) on L. Clearly, if V
is F -nondegenerate, then at each critical leaf closure, V must have either index 1 or
−1.
Given any point x0 of a critical leaf closure L, choose orthonormal coordinates
y = (y1, ..., yq¯) for the normal space NxF = NxL, and extend these coordinates to
orthonormal coordinates y = (y1, ..., yq¯, yq¯+1, ..., yq) for NxF . Let x = (x1, ..., xp) be
geodesic normal coordinates for the leaf near x0. The coordinates (x, y) parametrize a
tubular neighborhood of L near x0 via the normal exponential map. It is elementary
to check that we may write V near x0 as an orthogonal sum V = V1+V2+V3, where V1
is tangent to F , V2 (y) =
∑q¯
i=1 α
i (y) ∂
∂yi
, and V3 (y) =
∑q
j=q¯+1
βj (y) ∂
∂yj
. The linear
transformation VL is given by multiplication by the q¯× q¯ matrix
(
∂αi
∂ym
(y)
)
1≤i,m≤q¯
on
NxL, so that the index of V is simply the sign of the determinant of that matrix.
We remark that if V is the gradient of a basic function f , then VL is the Hessian of
f restricted to the normal ball, and V1 = V3 = 0.
Observe that a basic normal vector field V (hence V1 = 0) is determined on a tubu-
lar neighborhood U of the leaf closure L by its values on a transverse q¯-dimensional
ball. Let B (δ) be the image of a ball of radius δ under the normal exponential map
exp⊥x : NxL→ U at x ∈ L, so that y = (y1, ..., yq¯) are exponential coordinates for this
ball. The holonomy group at x is represented on B (δ) by a group Γ of orthogonal
transformations (see [12]), so that we may identify basic normal vector fields on U
with normal vector fields restricted to B (δ) that are equivariant with respect to the
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action of Γ. That is, for any g ∈ Γ, every basic normal vector field restricted to B (δ)
has the form
V (y) =
q∑
i=1
vi (y)
∂
∂yi
=
 v1 (y)...
vq (y)

and satisfies
g
 v1 (y)...
vq (y)
 =
 v1 (gy)...
vq (gy)
 .
Note that the notation gy denotes the restriction of the action of g on NxF to the
subspace NxL. This makes sense, because elements of the holonomy group map vector
fields orthogonal to L to other vector fields orthogonal to L. As a consequence, the
action of Γ commutes with the action of VL on NxL.
Definition 3.1. Let V be a basic vector field that has a nondegenerate zero on a
critical leaf closure L. At each point x ∈ L, let VL,x : NxL→ NxL be the linear part
of V at x. Since VL,x is invertible, it can be written as the (uniquely determined)
polar decomposition VL,x = PxΘx, where Px =
√
V ∗L,xVL,x is positive and symmetric,
and Θx = P
−1
x VL,x is an isometry. The orientation line bundle OL = OL (V ) of V
at L is the orientation bundle of the subbundle of NL spanned by the eigenvectors of
Θx corresponding the eigenvalue −1.
Remark 3.2. It can be shown that OL is a smooth line bundle. Observe that in
the context of this paper, the singularity of the subbundle is not an issue, since the
eigenvalues of Θx are constant as x moves along the leaves. We also observe that if
V = ∇f for a Bott-Morse function f , then this orientation line bundle corresponds
to the orientation line bundle of the subbundle of negative directions of f .
We now prove a result that puts a basic vector field into standard form.
Lemma 3.3. Let V be a basic vector field that is F -nondegenerate, and let L be a
critical leaf closure. Let Tδ (L) denote the tubular neighborhood of radius δ around
L, and assume that δ is chosen so that Tδ (L) does not contain any other critical leaf
closures and misses the cut locus of L. Then there is a basic normal vector field V˜
and a δ˜ with 0 < δ˜ < δ such that:
1. V˜ = V outside Tδ (L);
2. L is the only critical leaf closure of V˜ in Tδ (L);
3. The index of V˜ at L is the same as the index of V at L;
4. V˜ = ∇f on Tδ˜ (L) , where f is a basic function whose Morse index (restricted
to a normal ball at a point of L) is even if the index of V is 1 at L and is odd
if the index of V is −1 at L;
5. The orientation line bundle of V˜ at L is identical to the orientation line bundle
of V at L.
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Proof. Choose coordinates (x, y) = (x1, ..., xp, y1, ..., yq¯, yq¯+1, ..., yq) near a point x ∈ L
as described in the paragraphs above. As before, we write V in the form V = V1+V2+
V3, where V1 is tangent to F , V2 (y) =
∑q¯
i=1 α
i (y) ∂
∂yi
, and V3 (y) =
∑q
j=q¯+1
βj (y) ∂
∂yj
.
Given any δ′ such that 0 < δ′ < δ, we may multiply the tangent component V1 by
a radial basic function that is zero in Tδ′ (L) and is 1 outside Tδ (L). In doing so,
we preserve the index and orientation line bundle and yet restrict to the case where
V is a basic normal vector field. We now assume that V has already been modified
in this way. Next, the basic normal vector field V is determined on Tδ′ (L) by its
restriction to a normal ball B (δ′) with the y = (y1, ..., yq¯) coordinates, and we may
write V (y) =
∑q¯
i=1 v
i (y) ∂
∂yi
+
∑q
j=q¯+1 v
j (y) ∂
∂yj
on B (δ′). Again, we may multiply
the component
∑q
j=q¯+1 v
j (y) ∂
∂yj
by a similar radial basic function if necessary so that
this component vanishes on a given B (δ′′) such that 0 < δ′′ < δ′, without changing
the relevant properties of V . For the remainder of this proof, assume that we have
already modified V so that it is in the form V =
∑q¯
i=1 v
i (y) ∂
∂yi
restricted to B (δ),
choosing a slightly smaller δ if necessary. It follows that V (y) = VL (y)+O
(‖y‖2) on
B (δ). Given x ∈ L, we write VL : NxL → NxL in terms of its polar decomposition
VL = PΘ. Let Γ be the closed subgroup of isometries on NxL induced from the
representation of the holonomy group at x on NxL. For every g ∈ Γ, g VL = VL g,
whence V ∗L g
−1 = g−1V ∗L . This in turn implies that every g ∈ Γ commutes with P
and Θ. Let Pt be defined by Ptvi = λi (t) vi on the λi -eigenspace of P , where each
λi (t) is any smooth positive function such that λi (0) = λi and λi (1) = 1. Since
every g ∈ Γ and P have simultaneous eigenspaces, every g ∈ Γ also commutes with
each Pt. Thus, the smooth, one-parameter family of transformations {Tt = PtΘ} is
a deformation of VL (t = 0) to an orthogonal transformation Θ (t = 1) that has
constant index (that is, the sign of the determinant of the linear transformation does
not change). Next, since Θ is orthogonal, there is a complex orthogonal basis {wk} of
NxL⊗C consisting of eigenvectors such that Θwk = eiθkwk, where 0 ≤ θk < 2pi. If θk
is 0, then Θ acts by the identity on span {Rewk, Imwk} . If θk is pi, then Θ multiplies
each vector in span {Rewk, Imwk} by −1. If θk 6= 0 and θk 6= pi, then Θ acts by a
rotation of θk on span {Rewk, Imwk}, which in this case is necessarily 2-dimensional.
We let Θ0 = Θ and define the transformation Θt for 0 < t ≤ 1 by
Θt (wk) =

wk if θk = 0
−wk if θk = pi
ei(1−t)θkwk otherwise.
The smooth, one-parameter family of transformations {Θt} is a deformation of the
orthogonal transformation Θ (t = 0) to a transformation Θ1 (t = 1) that has constant
index. Observe that since each g ∈ Γ commutes with Θ0, the obvious action of g on
NxL⊗C satisfies g (wk) = eiαkwk for some αk; it follows that g commutes with each
Θt. The final transformation Θ1 may be described in a real orthogonal basis as a
diagonal matrix whose diagonal consists of 1’s and (−1)’s; this transformation is the
linear part of a vector field of the form
∑q¯
i=1±yi ∂∂yi , where the yi are geodesic normal
coordinates on exp⊥ (NxL) corresponding to that particular basis. We also observe
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that f (y) := 1
2
∑q¯
i=1± (yi)2 is then a basic function that is well-defined on a small
neighborhood of L, and the linear part of ∇f (y) at x ∈ L is Θ1 (y)+O
(‖y‖2). Note
that we may extend f to be a basic function on all of (M,F) by multiplying by a radial
cutoff function and extending by zero. Combining the two deformations described
above, we see that VL may be smoothly deformed to a Γ-equivariant transformation of
the form Θ1 in such a way that the index is unchanged throughout the deformation.
The argument that follows is somewhat similar to that found in [5]. Let
{Yt : NxL→ NxL} be a smooth, one-parameter family of Γ-equivariant transforma-
tions constructed above such that Y0 = VL and Y1 is the linear part of
∑q¯
i=1±yi ∂∂yi .
Thus each Yt (y) is a vector field that is well-defined in a sufficiently small tubular
neighborhood of the leaf closure L. Next, let Zt (y) = h (t) (∇f (y)− Y1 (y)),with Y1
and ∇f as above and h : R→R a smooth positive function such that h (t) = 0 for
t ≤ 0 and h (t) = 1 for t ≥ 1. Because of the remarks above, Zt (y) = O
(‖y‖2)
for all t. Let η1 be a radial (and therefore basic) cutoff function that is 1 in an
r1-neighborhood of L and 0 outside an 2r1 -neighborhood of L (r1 will be chosen
shortly). Then for r1 sufficiently small, η
1 (y) (Yt (y) + Zt (y)) is a well-defined basic
vector field on (M,F). Let the basic vector field X1t be defined by
X1t = η
1 (Yt + Zt) +
(
1− η1) V,
so that
X1t (y) = η
1 (y) (Yt − Y0) (y) + Y0 (y) +O
(‖y‖2) .
Observe that X1t is a smooth, one-parameter family of basic vector fields that agree
with V outside a 2r1-neighborhood of L, and X
1
1 = ∇f inside a r1-neighborhood of
L. Let m1 = inf‖y‖=1,0≤t≤1 ‖Yt (y)‖ , and let m2 = sup‖y‖=1,0≤t≤1
∥∥ d
dt
Yt (y)
∥∥ . Observe
that 0 < m1 <∞ and 0 ≤ m2 <∞. Therefore, if t1 < m1m2 ≤ ∞, then∥∥η1 (y) (Yt − Y0) (y) + Y0 (y)∥∥ ≥ ‖Y0 (y)‖ − ‖(Yt − Y0) (y)‖
≥ ‖Y0 (y)‖ − tm2
> 0
for t ≤ t1, and hence η1 (y) (Yt − Y0) (y) +Y0 (y) is invertible. Choose r1 > 0 so small
that O
(‖y‖2) < η1 (y) (Yt − Y0) (y) + Y0 (y) for ‖y‖ < 2r1; then the leaf closure L is
the only critical leaf closure of the basic vector field X1t (y) in the 2r1-neighborhood
of L. We continue by defining for tk ≤ t ≤ tk+1 := tk + t1
Xkt = η
k (Yt + Zt) +
(
1− ηk)Xk−1t
= ηk (y) (Yt − Ytk) (y) + Ytk (y) +O
(‖y‖2) ,
where ηk is 1 in an rk-neighborhood of L and 0 outside an 2rk-neighborhood of
L (where 0 < rk ≤ rk−1 is chosen as above). Eventually, we will find a k such
that Xkt = V outside a 2r1 -neighborhood of L and is X
k
t = Yt + Zt inside a rk
-neighborhood of L. Furthermore, L is the only critical leaf closure of Xkt in a 2r1
-neighborhood of L, and the index of Xkt at L is the same as the index of V at L for
0 ≤ t ≤ 1. Finally, Xk1 = ∇f inside a rk-neighborhood of L.
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Observe that if we let 2r1 ≤ δ, δ˜ = rk, and V˜ = Xk1 , then the first four properties
are satisfied. Moreover, since the orientation line bundles of Yt and X
k
t at L are
constant in t, the last property is satisfied as well.
We now proceed with a modified version of Witten’s deformation of the de Rham
complex (see [18] and [15]). Let V be a basic normal vector field, and let i (V ) :
Ω∗B (M) → Ω∗B (M) denote interior multiplication with V . For a given s > 0, let
dB,s = dB + s i (V ) : Ω
∗
B (M) → Ω∗B (M). Note that dB,s is the restriction of the
differential operator ds = d + s i (V ) : Ω
∗ (M) → Ω∗ (M). The formal adjoint of
dB,s is δB,s = δB + sV
♭∧ : Ω∗B (M) → Ω∗B (M), where δB is the basic adjoint of dB
and V ♭ is the basic one-form 〈V, ·〉. From [13], we know that δB is the restriction
of the differential operator δ + ε : Ω∗ (M) → Ω∗ (M) to basic forms, where ε :
Ωi (M) → Ωi−1 (M) is a zeroth-order operator that involves mean curvature and
Rummler’s formula. The operator ε has the additional property that PεP = 0,
where P : L2 (Ω∗ (M))→ L2 (Ω∗B (M)) is the orthogonal projection. We define
DB,s = dB,s + δB,s : Ω
∗
B (M)→ Ω∗B (M) .
Letting DB = dB + δB and H = i (V ) + V
♭∧ , observe that
D2B,s = (DB + sH)
2
= D2B + s (HDB +DBH) + s
2H2.
The operator H2 =
(
i (V ) + V ♭∧)2 acts by multiplication by the basic function ‖V ‖2.
A simple calculation shows Z ′ := H(d+ δ + ε) + (d+ δ + ε)H satisfies
Z ′ = LV + (LV )∗,B +
(
d
(
V ♭
)) ∧+ ((d (V ♭))∧)∗,B
= LV + (LV )∗ + Z +
(
d
(
V ♭
)) ∧+ (((d (V ♭))∧)∗(3.1)
where LV = i (V ) d + d i (V ) denotes the Lie derivative in the V direction, the
superscript ∗, B denotes the adjoint restricted to basic forms, and Z := ε ◦ V ♭ ∧
+V ♭ ∧ ◦ε is a zeroth order operator. One can show using the Leibniz rule that
LV + (LV )∗ commutes with multiplication by a function, so this operator is also an
operator of order zero. Thus Z ′ is a differential operator of order zero, and it agrees
with HDB +DBH on basic forms. Also note that Z
′ maps odd forms to odd forms
and even forms to even forms.
Observe that D2B = ∆
j
B = dBδB + δBdB on basic j-forms, the basic Laplacian.
By the results of [13], this operator is essentially self-adjoint and has eigenvalues
0 ≤ λB,j1 ≤ λB,j2 ≤ λB,j3 ≤ ... with the property that λB,jk ≥ Ck2/n for some positive
constant C and sufficiently large k (see [14] for more precise asymptotics). Further-
more, the basic Hodge decomposition theorem (see [13], [7] ) states that ker∆B is
finite-dimensional and that the space of basic j-forms decomposes orthogonally as
im dB ⊕ im δB ⊕ ker∆jB. Letting ∆jB denote the Laplacian on j-forms, we have
12 VICTOR BELFI, EFTON PARK, AND KEN RICHARDSON
ker∆jB
∼= HjB (M,F). This implies
χB (M,F) =
q∑
j=0
(−1)j dimHjB (M,F)
=
q∑
j=0
(−1)j dimker∆jB
= index
(
DB : Ω
even
B (M)→ ΩoddB (M)
)
.
Next, let KjB (t, x, y) denote the basic heat kernel on j -forms (see [7],[13],[14]),
which is the fundamental solution of the basic heat equation. More specifically, con-
sider the bundle E → [0,∞)×M×M where E(t,x,y) = Hom
(∧j (NyF)∗ ,∧j (NxF)∗).
The basic heat kernel is a section of E that is basic in x and y and satisfies
(
∂
∂t
+∆jB,x
)
KjB (t, x, y) = 0 for t > 0;
lim
t→0+
∫
My
KjB (t, x, y)β (y) ωvol (y) = β (x) for all basic j-forms β.
In [13, Theorem 3.5], the authors show that KjB (t, x, y) exists, is smooth in x, y, and
t, is unique, and satisfies
KjB (t, x, y) = PxPyK˜
j (t, x, y) =
∞∑
k=1
e−λ
B,j
k
tαk (x)⊗ α∗k (y) ,
where the set of j-forms {α1, α2, ...} is an orthonormal basis of basic eigenforms
corresponding to the eigenvalues
{
λB,j1 , λ
B,j
2 , ...
}
, and K˜j (t, x, y) is the heat kernel
corresponding to the strongly elliptic operator ∆j + δε∗ + ε∗δ. The operator ∆j is
the ordinary Laplacian on j-forms. Note that this sum is finite if the leaves are
dense. The map Px is the orthogonal projection from L
2 (Ω∗ (M)) to L2 (Ω∗B (M))
in the x -variable. The map Py is the induced basic projection on duals of forms in
the y-variable. In [13], the authors show that this basic projection P (or Px or Py)
maps smooth forms to smooth basic forms, and the results in [13] also imply that
the map β 7−→ Pβ is smooth. The main other fact used in the proofs of the results
concerning the basic Laplacian and the basic heat kernel is that ∆jB is the restriction
of ∆j + εd+ dε , which is a strongly elliptic operator defined on all forms.
The standard heat kernel approach to index calculations carries over to the ba-
sic case. Since DB maps an eigenspace of ∆B in Ω
even
B (M) isomorphically onto an
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eigenspace in ΩoddB (M), we have
χB (M,F) = index
(
DB : Ω
even
B (M)→ ΩoddB (M)
)
=
q∑
j=0
(−1)j tr
(
e−t∆
j
B
)
=
q∑
j=0
(−1)j
∫
M
trKjB (t, x, x) ωvol (x)
=
∫
M
trKevenB (t, x, x) ωvol (x)−
∫
M
trKoddB (t, x, x) ωvol (x) .
A similar analysis may be applied to DB,s = DB + sH . The operator D
2
B,s =
D2B + s (HDB +DBH) + s
2 ‖V ‖2 is the restriction of the strongly elliptic operator
∆′s = ∆+ εd+ dε+ sZ
′ + s2 ‖V ‖2(3.2)
to basic forms, and the terms involving s are zeroth order. By a proof similar to
that in [13], this operator is essentially self-adjoint and has eigenvalues that grow at
a rate similar to those of ∆B. The basic heat kernel K
even
B,s (t, x, y) corresponding to
D2B,s exists, is smooth in x, y, and t, is unique, and satisfies
KevenB (t, x, y) = PxPyK˜
even
s (t, x, y) =
∞∑
k=1
e−t λ
B,s,even
k αsk (x)⊗ (αsk (y))∗ ,
where the set {αs1, αs2, ...} is an orthonormal basis of even basic eigenforms cor-
responding to the eigenvalues
{
λB,s,even1 , λ
B,s,even
2 , ...
}
of D2B,s, and K˜
even
s (t, x, y) is
the heat kernel corresponding to the strongly elliptic operator ∆even + δε∗ + ε∗δ +
s (Z ′)∗+s2 ‖V ‖2. Similar results are true for D2B,s on odd forms. Again, we have that
DB,s maps an eigenspace of D
2
B,s in Ω
even
B (M) isomorphically onto an eigenspace in
ΩoddB (M), so that
index
(
DB,s : Ω
even
B (M)→ ΩoddB (M)
)
=
∫
M
trKevenB,s (t, x, x) ωvol (x)−
∫
M
trKoddB,s (t, x, x) ωvol (x) .(3.3)
The above results aboutD2B,s imply results about the first order operatorDB,s. The
spectrum of D2B,s is nonnegative; let Eλ2 be an eigenspace of D
2
B,s with eigenvalue λ
2.
Then (DB,s + λ)Eλ2 and (DB,s − λ)Eλ2 are finite-dimensional orthogonal eigenspaces
of DB,s with eigenvalues λ and −λ, respectively. Since DB,s is the restriction of the
first order elliptic operator
Ds = d+ δ + ε+ s
(
i (V ) + V ♭∧) ,
the subspaces (DB,s ± λ)Eλ2 are spanned by smooth eigenforms. Moreover, there is
an orthonormal basis of L2 (Ω∗B (M)) consisting of such smooth eigenforms.
The operators ∂
∂t
− iD∗s and ∂∂t + iD∗s are strongly hyperbolic, so our initial value
problem has a unique solution (see [3, sections 69-74], [8, chapters IV-V], [11, chapter
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6], [16, section 6.5]). Thus, we define the function eitD
∗
su to be the unique solution
to the initial value problem (the generalized traveling wave equation)(
∂
∂t
− iD∗s
)
f (t, x) = 0 for all t > 0, x ∈M
f (0, x) = u (x) for all x ∈M.
Since Ds maps basic forms to basic forms, PDsP = DsP , and PD
∗
sP = PD
∗
s ; the
form eitDsu is basic for a given basic form u. Moreover,
∂
∂t
(
eitDsu
)
= iDs
(
eitDsu
)
= iDB,s
(
eitDsu
)
,
so that eitDB,su := eitDsu is a solution to the basic traveling wave equation with the
appropriate initial condition:(
∂
∂t
− iDB,s
)
β (t, x) = 0 for all t > 0, x ∈M
β (0, x) = u (x) ∈ Ω∗B (M) .(3.4)
Then eitDB,su and e−itDB,su are both solutions of the basic wave equation(
∂2
∂t2
+D2B,s
)
β (t, x) = 0 .(3.5)
Because of the results concerning ∂
∂t
−iDs, the solutions to these wave equations exist
and are unique with respect to the appropriate initial conditions (both β (0, x) and
∂
∂t
β (0, x) must be specified for the basic wave equation).
We now prove some analytic results about the operatorsDB,s and similar operators;
we include proofs only where the standard proofs do not translate directly to the basic
case. Let Lp = Lp (Ω∗B (M)) denote the L
p−norm closure of the space of smooth basic
forms, and letW k =W k (Ω∗B (M)) denote the closure of the space of these basic forms
under the Sobolev (k, 2)-norm. Let ‖·‖p and ‖·‖k,2 denote the norms on these spaces.
Lemma 3.4. Let D be a strongly elliptic, first order operator on Ω∗ (M) that restricts
to an operator on Ω∗B (M). Suppose that the restriction of D is formally self-adjoint
on Ω∗B (M). Then, for some c > 0, ‖(D2 + 1)α‖k,2 ≥ c ‖α‖k+1,2 for every basic form
α.
Proof. We use induction on k. For k = 0, we clearly have that∥∥(D2 + 1)α∥∥
0,2
=
(〈
D2α,D2α
〉
+ 2 〈Dα,Dα〉+ 〈α, α〉)1/2
≥ ‖α‖0,2 .
Similarly, ‖(D2 + 1)α‖0,2 ≥
√
2 ‖Dα‖0,2. By ellipticity, there exist c1 > 0 and c2 ≥ 0
(independent of α) such that
√
2 ‖Dα‖0,2 ≥ c1 ‖α‖1,2 − c2 ‖α‖0,2. Thus,∥∥(D2 + 1)α∥∥
0,2
≥
(
c1
1 + c2
)
‖α‖1,2 .
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Assume that the conclusion is true for 0 ≤ k ≤ m. Then∥∥(D2 + 1)α∥∥
m+1,2
≥ c1
∥∥∥(D2 + 1)2 α∥∥∥
m−1,2
by definition of Sobolev norm
≥ c2
∥∥(D2 + 1)α∥∥
m,2
by the induction hypothesis
≥ c3 ‖α‖m+2,2 − c4 ‖α‖m+1,2 by ellipticity,
for positive constants c1, c2, and c3 and for c4 ≥ 0, all independent of α. Also, it
follows from our induction hypothesis that ‖(D2 + 1)α‖m,2 ≥ c5 ‖α‖m+1,2 for some
c5 > 0. Finally, by the definition of the Sobolev norm, there exists a positive constant
c6 such that∥∥(D2 + 1)α∥∥
m+1,2
≥ c6
∥∥(D2 + 1)α∥∥
m+1,2
+
c6c4
c5
∥∥(D2 + 1)α∥∥
m,2
≥ c6c3 ‖α‖m+2,2 ,
whence the result follows.
Lemma 3.5. Let D be as in Lemma 3.4. Then there exists a constant c > 0 such
that ‖(D2 + 1)α‖k,2 ≥ c ‖α‖k+2,2 for every basic form α.
Proof. By ellipticity, there exist c1 > 0 and c2 ≥ 0 such that ‖(D2 + 1)α‖k,2 ≥
c1 ‖α‖k+2,2−c2 ‖α‖k+1,2. By Lemma 3.4, there exists c3 > 0 such that ‖(D2 + 1)α‖k,2 ≥
c3 ‖α‖k+1,2. Thus ∥∥(D2 + 1)α∥∥
k,2
≥
(
c1
1 + c2
c3
)
‖α‖k+2,2 .
Remark 3.6. Observe that if the coefficients of the operator D depend polynomially
on a parameter s, then the constants in the inequalities of the lemmas above can be
chosen to depend polynomially in s . Also, the results of Lemma 3.4 and Lemma 3.5
extend to much more general situations; the operator D may be any strongly elliptic,
first-order operator acting on smooth sections of a vector bundle over a compact
manifold such that the restriction of D to a subspace consisting of smooth sections is
formally self-adjoint.
Lemma 3.7. (Basic Sobolev Embedding Theorem) If a > n
2
, then W a ⊂ L∞. Also,
W a+k ⊂ Ck for k > 0.
Proof. The standard proof (see [15]) works for the basic case.
Lemma 3.8. Define Lβ (α) =
∫
M
(α, β) ωvol. Then the map β 7→ Lβ defines a norm-
preserving injection of L1 (Ω∗B (M)) into (L
∞ (Ω∗B (M)))
∗.
Proof. The standard proof (see [15]) works for the basic case.
Recall that a subset of a foliation is called saturated if it is a union of leaves.
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Lemma 3.9. Let U be a saturated open set in a Riemannian foliation (M,F). Let
P : L2 (Ω∗ (M)) → L2 (Ω∗B (M)) be the orthogonal projection. Then for every f ∈
C∞ (M) , ∫
U
f ωvol =
∫
U
Pf ωvol.
Proof. Let {ηε} be a family of smooth basic functions approximating (in L2) the char-
acteristic function of U as ε→ 0 (see the results of [13] and [9]). Then ∫
M
fηε ωvol =∫
M
P (fηε) ωvol =
∫
M
(Pf) ηε ωvol since ηε is basic ([13]). We then apply the domi-
nated convergence theorem.
Let (·, ·) denote the pointwise inner product of forms. The following two results
apply to DB,s, since DB,s is the restriction of Ds = d + δ + ε + s
(
i (V ) + V ♭∧) to
basic forms and since PεP = 0 (see [13]).
Lemma 3.10. Let D be a first order operator on Ω∗ (M) of the form D = d + δ +
Z1 + Z2, where
1. D restricts to an operator on Ω∗B (M);
2. The operator Z1 is zeroth order and satisfies PZ1P = 0, where P is the orthog-
onal projection from L2 (Ω∗ (M)) to L2 (Ω∗B (M));
3. The operator Z2 is zeroth order and is formally self-adjoint with respect to the
pointwise inner product of forms.
Let B (L,R) denote the set of points of distance less than R from a fixed leaf closure
L; assume that R is sufficiently small to avoid the cut locus of L. Let β be a basic
form, and let βt = e
itDβ be the corresponding solution to the basic traveling wave
equation as in (3.4). Then, for 0 ≤ t < R, the function
f (t) =
∫
B(L,R−t)
(βt, βt) ωvol
is a decreasing function of t.
Proof. We have
df
dt
=
∫
B(L,R−t)
((iDβt, βt) + (βt, iDβt)) −
∫
S(L,R−t)
(βt, βt) ,
where S (L, r) is the set of points of distance R from the leaf closure L. Observe that
(iDβt, βt) + (βt, iDβt) = ((i (d+ δ + Z1 + Z2) βt, βt) + (βt, i (d+ δ + Z1 + Z2)βt))
= i [((d+ δ)βt, βt)− (βt, (d+ δ) βt)]
+i [(Z1βt, βt)− (βt, Z1βt)] ,
since Z2 is formally self-adjoint with respect to (·, ·). By [15, proof of Proposition
2.9],
i [((d+ δ) βt, βt)− (βt, (d+ δ)βt)] = iδωt,
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where ω is the one-form defined by ωt (X) = − (X.βt, βt) := −
((
X♭ ∧ −i (X))βt, βt).
Then∫
B(L,R−t)
((iDβt, βt) + (βt, iDβt)) =
∫
B(L,R−t)
iδωt + i [(Z1βt, βt)− (βt, Z1βt)]
=
∫
B(L,R−t)
iδωt + iP [(Z1Pβt, βt)− (βt, Z1Pβt)] ,
which follows from Lemma 3.9 and the fact that βt is basic. Furthermore, by the
results of [13], P [(Z1Pβt, βt)− (βt, Z1Pβt)] = (PZ1Pβt, βt) − (βt, PZ1Pβt). Since
PZ1P = 0 by hypothesis, the divergence theorem yields
df
dt
= i
∫
B(L,R−t)
δωt −
∫
S(L,R−t)
(βt, βt)
= i
∫
S(L,R−t)
ωt (N) −
∫
S(L,R−t)
(βt, βt) ,
where N is the unit vector field normal to S (L,R− t) with orientation chosen
compatibly with the choice of orientation of S (L,R− t). Locally ‖ωt (N)‖2 =
‖(N.βt, βt)‖2 ≤ (βt, βt) (N.βt, N.βt) = (βt, βt)2. Since dfdt is real, we conclude that
df
dt
≤ 0.
Proposition 3.11. (Unit Propagation Speed) Let D be as in Lemma 3.10.Then for
any β ∈ Ω∗B (M), the support of eitDβ lies within a distance |t| of the support of β.
Proof. One easily checks that such an operator D is formally self-adjoint on the space
of basic forms, and eitDe±isDβ = ei(t±s)Dβ; thus, it is sufficient to prove the result for
small positive t . Since β is basic, the support of β and its complement are saturated.
Since (M,F) is a Riemannian foliation and since M is compact, for every leaf closure
L, there exists a tubular neighborhood and R > 0 such that for every leaf closure
Lx in that tubular neighborhood, the set B (Lx, R) of points of distance less than R
from Lx misses the focal locus and cut locus of Lx. Choose any x ∈ M that is at a
distance R or more from the support of β; let Lx denote the leaf closure containing
x. Since (M,F) is Riemannian, the set B (Lx, R) is also disjoint from the support of
β. Then ∫
B(Lx,R)
(β, β) = 0 ≥
∫
B(Lx,R−t)
(
eitDβ, eitDβ
)
for 0 < t < R,
by Lemma 3.10. Hence eitDβ = 0 at x for 0 < t < R.
Lemma 3.12. Let D be as in Lemma 3.10, and let φ : R→ R be a rapidly decreasing
even function. Then φ (D) has a smooth kernel k (x, y) that is basic in each factor
and satisfies k (x, y) = k (y, x).
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Proof. The operator φ (D) is a bounded, self-adjoint operator on L2 (Ω∗B). By Lemma
3.4 and Lemma 3.5, φ (D) maps L2 (Ω∗B) into W
k for every k > 0. By Lemma 3.7,
this implies φ (D) maps L2 (Ω∗B) to smooth basic forms. Using the fact that D is
formally self-adjoint on Ω∗B (M), the standard proofs are easily adapted to show the
existence and properties of k (x, y) (see [15, Lemma 5.6]).
The index of a Fredholm operator is a homotopy invariant; we prove a similar
result for the operators DB,s on basic forms. The operators (∆
′
s)
∗ = ∆j + δε∗ +
ε∗δ + s (Z ′)∗ + s2 ‖V ‖2 depend smoothly on the parameter s, the vector field V ,
and the metric. Therefore the kernels K˜evens (t, x, y) and K˜
odd
s (t, x, y) are smooth in
these parameters as well. Since the map β 7−→ Pβ is continuous, KevenB,s (t, x, y) and
KoddB,s (t, x, y) are continuous in s, V , and the metric. By (3.3) and the fact that the
index is an integer, we have shown the following:
Proposition 3.13. χB (M,F) = index
(
DB,s : Ω
even
B (M)→ ΩoddB (M)
)
for all s ∈
R.
Let φ be a smooth, rapidly decreasing function on [0,∞) with φ (0) = 1. Then
φ (D2B) is a trace class operator. Let
µj = tr
(
φ
(
D2B
)∣∣
L2(ΩjB(M))
)
.
By adapting the argument of [15, Chapter 12] for the standard case, we obtain
Theorem 3.14. (Basic Morse Inequalities) The numbers µj and βj = dimH
j
B (M,F)
satisfy the following system of inequalities:
β0 ≤ µ0,
β1 − β0 ≤ µ1 − µ0,
β2 − β1 + β0 ≤ µ2 − µ1 + µ0,
etc., and the equality
χB (M,F) = index
(
DB : Ω
even
B (M)→ ΩoddB (M)
)
=
q∑
j=0
(−1)j βj =
q∑
j=0
(−1)j µj.
Proof. The proof is identical to the proof of the standard case in [15, Chapter 12],
replacing d with dB and the standard Hodge theorem with the basic Hodge theorem.
Let
µevens = tr
(
φ
(
D2B,s
)∣∣
L2(ΩevenB (M))
)
µodds = tr
(
φ
(
D2B,s
)∣∣
L2(ΩoddB (M))
)
.
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Combining the proof of the standard Morse inequalities with Proposition 3.13, we
have the following result.
Proposition 3.15. χB (M,F) = µevens − µodds for all s ∈ R.
Fix a number ρ > 0, and choose a positive, even Schwarz function φ with φ (0) = 1
and such that the Fourier transform φˆ (ξ) =
∫
R
e−ixξφ (x) dx is supported in the
interval [−ρ, ρ]. Since φ is even, φ (DB,s) makes sense as a smoothing operator, and
the basic Euler characteristic satisfies Proposition 3.15 with
µevens = tr
(
φ (DB,s)|L2(ΩevenB (M))
)
and
µodds = tr
(
φ (DB,s)|L2(ΩoddB (M))
)
.
Let Crit (V ) be the (finite) union of critical leaf closures of V in M .
Lemma 3.16. On the complement of a 2ρ-neighborhood of Crit (V ), the basic kernel
of φ (DB,s) satisfies kB,s (x, y)→ 0 uniformly as s→∞.
Proof. This proof is the same as [15, Lemma 12.10], but we include some details
here because of subtleties. Choose a constant C so that ‖V (x)‖ ≥ C > 0 for all
x in the complement of a ρ-neighborhood of Crit (V ). By formula (3.2) and the
remarks following that equation,
〈
D2B,sβ, β
〉 ≥ C2s2
2
〈β, β〉 for every β ∈ Ω∗B (M) that
is supported on the complement of such a neighborhood and for sufficiently large s.
Let H denote the Hilbert space of L2 basic forms that vanish on a ρ-neighborhood
of Crit (V ). Then D2B,s is a positive symmetric operator on a dense subset of H, so
it extends to a self-adjoint operator A on H satisfying the same inequality above.
Let ω be a basic form supported on the complement of a 2ρ -neighborhood of
Crit (V ), and let
ωt = cos (tDB,s)ω =
1
2
(
eitDB,s + e−itDB,s
)
ω,
which is a solution to the generalized wave equation (3.5) corresponding to the op-
erator ∆′s with initial conditions ω0 = ω,
∂
∂t
ω0 = 0 . The family of forms ωt is the
unique solution to this generalized wave equation as well, by the statements before
and after (3.5). Note that the formula above implies that ωt is basic.
By the unit propagation speed property of the basic wave equation (Proposition
3.11), ωt is identically zero on the ρ-neighborhood of Crit (V ) if |t| < ρ. This implies
that D2B,sωt = Aωt for |t| < ρ, so that ωt is the unique solution to the system
∂2
∂t2
ωt + Aωt = 0; ω0 = ω,
∂
∂t
ω0 = 0.
We may therefore write ωt = cos
(
t
√
A
)
ω.
Let φ be a real-valued function with the following properties:
1. φ is a positive even Schwarz function;
2. φ (0) = 1;
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3. the Fourier transform φˆ (t) is supported in the interval [−ρ, ρ].
For each nonnegative integer m, define φm by the formula
φm(λ) = (1 + λ
2)2mφ(λ);
note that each φm satisfies (1) - (3).
For a basic form ω that is supported on the complement of the 2ρ -neighborhood
of Crit(V ),
φm (DB,s)ω =
1
2pi
∫ ρ
−ρ
φˆm (t)
(
eitDB,sω
)
dt
=
1
2pi
∫ ρ
−ρ
φˆm (t) (cos (tDB,s)ω) dt since φˆm is even
=
1
2pi
∫ ρ
−ρ
φˆm (t)
(
cos
(
t
√
A
)
ω
)
dt
= φm
(√
A
)
ω.(3.6)
The operator
√
A is positive and has operator norm is bounded below by Cs√
2
for s
sufficiently large. Thus, the operator norm of φm
(√
A
)
(as an operator from H to
itself) is bounded above by
cm (s) = sup
{
|φm (λ)| : λ ≥ Cs√
2
}
.
It is clear that cm (s) is rapidly decreasing as s→∞. By (3.6),
‖φm (DB,s)ω‖2 ≤ cm (s) ‖ω‖2
for every basic form ω supported on the complement of a 2ρ -neighborhood of Crit (V ).
Next, let Lp = Lp (Ω∗B (M)) denote the L
p−norm closure of the space of smooth
basic forms, and let W k =W k (Ω∗B (M)) denote the closure of the space of such basic
forms under the Sobolev (k, 2)-norm. By the basic elliptic estimates (Lemma 3.5),
the operator norm of
(
1 +D2B,s
)−1
: W k −→ W k+2 is bounded by a polynomial in
s. The basic version of the Sobolev imbedding theorem (Lemma 3.7) implies that(
1 +D2B,s
)−k
: L2 −→ L∞ is a bounded map whose operator norm is bounded by
a polynomial in s if k > n
4
. Using basic duality (Lemma 3.8) and essential self-
adjointness of DB,s, we see that
(
1 +D2B,s
)−k
: L1 −→ L2 is also a bounded map
whose operator norm is bounded by a polynomial in s whenever k > n
4
. Note that
all of the statements above hold for the operator A as well as for D2B,s. Now, given
a basic form ω supported on the complement of a 2ρ -neighborhood of Crit (V ) and
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k > n
4
,
‖φ (DB,s)ω‖∞ =
∥∥∥φ(√A)ω∥∥∥
∞∥∥∥(1 + A)−k (1 + A)k φ(√A) (1 + A)k (1 + A)−k ω∥∥∥
∞
≤
∥∥∥(1 + A)−k∥∥∥
L2→L∞
ck (s)
∥∥∥(1 + A)−k ω∥∥∥
2
≤
∥∥∥(1 + A)−k∥∥∥
L2→L∞
ck (s)
∥∥∥(1 + A)−k∥∥∥
L2→L1
‖ω‖1
≤ p (s) ck (s) ‖ω‖1
where p (s) is a polynomial in s. Next, since φ is rapidly decreasing, φ (DB,s) has a
continuous basic kernel kB,s (x, y) (Lemma 3.12), and we have the inequality
‖kB,s (x, ·)‖∞ ≤ sup∫ ‖ω‖=1,x∈M
∥∥∥∥∫
M
kB,s (x, y) ω (y)ωvol (y)
∥∥∥∥ ≤ p (s) ck (s)
from the above. Thus, kB,s (x, y)→ 0 uniformly as s→∞.
Let (M,F) be a Riemannian foliation, let V be a F -nondegenerate basic vector
field, let L be a leaf closure of F , and let OL = OL (V ) denote the orientation line
bundle of V at L. We denote by Ω∗ (L,F ,OL) the space of differential forms on L
with values in OL; there is a well-defined differential d on this space that is simply
the exterior derivative when OL is trivial (see [2, Section I.7]). Locally an element
of Ω∗ (L,F ,OL) can be written as a sum of tensors ω ⊗ s, where ω is an ordinary
differential form onM and s is a smooth section of OL. Let X be a vector field on L.
Then we can locally define interior multiplication i(X) on Ω∗ (L,F ,OL) by decreeing
that i(X)(ω⊗ s) = (i(X)ω)⊗ s and extending linearly. It is straightforward to check
that this definition of interior product is independent of the trivialization of OL (V ),
and so we may therefore make the following definitions:
Definition 3.17. LetM , F , V , and L have the properties listed in the previous para-
graph. The space of basic differential forms with values in OL is denoted Ω∗B (L,F ,OL),
and is defined to be the subcomplex of forms α in Ω∗ (L,F ,OL) with the property that
i(X)α = 0 and i(X)dα = 0 for every vector field X on L tangent to the leaves of
F restricted to L. The cohomology of this subcomplex is denoted H∗B (L,F ,OL) and
called the basic deRham cohomology of L with values in OL. Finally, the basic Eu-
ler characteristic of L with values in OL is defined by the formula χB (L,F ,OL) =∑
k(−1)kdimHkB (L,F ,OL) .
Theorem 3.18. (Basic Hopf Index Theorem) Let M , F , and V be as in Definition
3.17. For each critical leaf closure L, let indL (V ) be the index of V at L. Then
χB (M,F) =
∑
L critical
indL (V )χB (L,F ,OL) .
Proof. Without loss of generality, we may assume that V is a basic normal vector
field (otherwise, project to NF). By Proposition 3.15, we have that χB (M,F) =
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lims→∞
(
µevens − µodds
)
, which may be obtained by integrating the traces of the cor-
responding kernels of φ
(
D2B,s
)∣∣
L2(ΩevenB (M))
and φ
(
D2B,s
)∣∣
L2(ΩoddB (M))
. By Proposi-
tion 3.16, the kernels of these operators go to zero uniformly on the complement of
a fixed but arbitrarily small neighborhood of the critical leaf closures of V . For each
critical leaf closure L, let ψL be a smooth, radial, basic function that is identically
1 in a tubular neighborhood of radius 2ρ around L and supported within a tubular
neighborhood of radius 3ρ (assume that we have chosen ρ small enough so that this
is possible for each L). Then we have that
χB (M,F) =
∑
L critical
lim
s→∞
tr
(
ψLφ
(
D2B,s
)∣∣
L2(ΩevenB (M))
)
− tr
(
ψLφ
(
D2B,s
)∣∣
L2(ΩoddB (M))
)
.
We now use Lemma 3.3 to observe that V may be deformed without changing indL (V )
or OL so that within a tubular neighborhood of radius 4ρ around L, V = ∇f for
a basic function f , such that if indL (V ) = +1 then f has even Morse index and if
indL (V ) = −1 then f has odd Morse index; again we possibly decrease ρ so that the
conclusion of this proposition holds. A unit propagation speed argument shows that
the traces are independent of the choice of V with those properties, and thus we may
calculate the contributions from each tubular neighborhood as if V = ∇f . By the
results of [1], if D2L is the basic Laplacian on L with coefficients in OL , then
lim
s→∞
tr
(
ψLφ
(
D2B,s
)∣∣
L2(ΩevenB (M))
)
= tr
φ (D2L)∣∣
L2
(
Ω
even+
indL(V )−1
2
B
(L,F ,OL)
)
 ,
with the analogous result for the odd case. Thus,
χB (M,F) =
∑
L critical
tr
φ (D2L)∣∣
L2
(
Ω
even+
indL(V )−1
2
B
(L,F ,OL)
)
−
tr
φ (D2L)∣∣
L2
(
Ω
odd+
indL(V )−1
2
B
(L,F ,OL)
)

=
∑
L critical
dimH
even+
indL(V )−1
2
B (L,F ,OL)− dimH
odd+
indL(V )−1
2
B (L,F ,OL)
=
∑
L critical
indL(V )=+1
χB (L,F ,OL)−
∑
L critical
indL(V )=−1
χB (L,F ,OL) .
Remark 3.19. If all of the bundles OL are trivial and the critical leaf closures are
leaves, then the formula simplifies to
χB (M,F) =
∑
L critical
indL (V ) ,
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a formula which has the precise form of the ordinary Hopf Index Theorem.
Corollary 3.20. Suppose that there exists a basic vector field on a Riemannian fo-
liation (M,F) that is nowhere tangent to F . Then χB (M,F) = 0.
Corollary 3.21. Suppose that there exists a basic vector field on a Riemannian fo-
liation (M,F) that is nowhere tangent to F and that the codimension of F is less
than 3. Then M has infinite fundamental group.
Proof. The hypotheses imply
χB (M,F) = dimH0B (M,F)− dimH1B (M,F) + dimH2B (M,F)
= 0.
Since dimH0B (M,F) ≥ 1, dimH1B (M,F) ≥ 1. Since H1B (M,F) injects into H1(M)
[17, Proposition 4.1], Poincare´ duality and the Universal Coefficient Theorem imply
that rankH1(M) ≥ 1 . The result follows.
We now illustrate Theorem 3.18 in the following examples. In each of these exam-
ples, there does not exist a basic vector field that is nowhere tangent to the foliation.
Example 3.22. Consider the sphere S2 in spherical coordinates (θ, ϕ) ∈ [0, 2pi] ×
[0, pi]. Let α be a fixed irrational multiple of pi, and let M = R× S2/ ∼, where
(t, θ, ϕ) ∼ (t+ 1, θ + α, ϕ). The t-parameter curves make M into a codimension-2
foliation F , which is Riemannian with respect to the standard metric. Observe that
the leaf closures are level sets where ϕ is constant. Consider the vector field
V = (cosϕ) ∂θ + (sinϕ cosϕ) ∂ϕ.
This vector field is invariant under rotations in θ and is smooth on S2, since it is the
restriction of (
xz2 − yz) ∂x + (yz2 + xz) ∂y + (−x2z − y2z) ∂z
on R3; therefore, it is a smooth basic vector field on (M,F). The critical leaf closures
for this vector field correspond to the poles (z = ±1) and the equator (ϕ = π
2
)
. At the
north pole leaf L1 (z = 1), the matrix for VL1 is
(
1 −1
1 1
)
in
(
x
y
)
coordinates,
so that indL1 (V ) = 1. At the south pole L−1 (z = −1), the matrix for VL−1 is( −1 1
−1 −1
)
in
(
x
y
)
coordinates, so that indL−1 (V ) = 1. For these leaf closures,
we have χB
(
L±1,F ,OL±1
)
= 1 since OL±1 and F are trivial. At the equator L0, VL0
is multiplication by −1 on each 1-dimensional normal space to L0, so that indL0 (V ) =
−1. The orientation bundle is the trivial co-normal bundle. Next, observe that this
leaf closure is a flat torus, on which the foliation restricts to be the irrational flow.
Since the vector field ∂θ is basic, nonsingular, and orthogonal to the foliation on this
torus,
χB (L0,F ,OL0) = χB (L0,F) = 0
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by Corollary 3.20. By Theorem 3.18, we conclude that
χB (M,F) =
∑
L critical
indL(V )=+1
χB (L,F ,OL)−
∑
L critical
indL(V )=−1
χB (L,F ,OL)
= (1 + 1)− (0) = 2.
In this example, one may independently verify that dimHkB (M,F) = 1 for k = 0 or
k = 2, since M is a transversally oriented, taut, codimension-2 Riemannian foliation
(see [17]). Also, every closed basic one-form can be written as g (ϕ) dϕ for a smooth
function g such that ∂
mg
∂ϕm
= 0 for even m at ϕ = 0 or pi. Every exact basic one-
form is the differential of a smooth function h such that ∂
mh
∂ϕm
= 0 for odd m at
ϕ = 0 or pi; thus, dimH1B (M,F) = 0. We have therefore directly computed that
χB (M,F) = 1 − 0 + 1 = 2. Observe that Corollary 3.20 implies that there does not
exist a basic vector field on (M,F) that is nowhere tangent to the leaves.
Example 3.23. Let X be any smooth, closed manifold whose fundamental group
is the free product Z ∗ Z (such as the connected sum of two copies of S2 × S1);
choose a metric so that the volume of X is one. Let X˜ denote the universal cover
of X. Suspend an action of the fundamental group on the torus to get the manifold
Y = X˜ × S1 × S1/ ∼, where the equivalence relation is defined as follows. Let a and
b be the generators of pi1 (X) , which act on the right by isometries on X˜. Let α be
an irrational multiple of 2pi, and let
(x, θ1, θ2) ∼ (xa, θ1 + α, θ2) , and
(x, θ1, θ2) ∼ (xb, 2pi − θ1, 2pi − θ2) .
These actions on the torus (with the flat metric) are orientation-preserving isome-
tries, so that the x-parameter (immersed) submanifolds form a transversally oriented,
Riemannian foliation (Y,F). The leaf closures are parametrized by θ2 ∈ [0, pi] ; ob-
serve that the leaf closures corresponding to θ2 = 0 and θ2 = pi are not transversally
oriented, even though F is.
We first calculate χB (Y,F) directly. As in the previous example, we observe that
dimHkB (Y,F) = 1 for k = 0 or k = 2, since M is a transversally oriented, taut,
codimension-2 Riemannian foliation. Each closed, basic one-form can be written as
g (θ2) dθ2, where g is a smooth function on S
1such that g (2pi − θ2) = −g (θ2). Since
this is the differential of the well-defined basic function f (θ2) =
∫ θ2
0
g (t) dt, we see
that dimH1B (Y,F) = 0. Therefore, χB (Y,F) = 1− 0 + 1 = 2.
Next, consider the basic vector field W = sin (θ2) ∂θ2. This vector field is singular
at the leaf closures θ2 = 0 and θ2 = pi (both of codimension 1), and it is orthogonal
to the leaves everywhere. The index of W at θ2 = 0 is 1, and its index at θ2 = pi is
−1. The polar decomposition of the linearization of W at θ2 = 0 is simply 1 ∗ 1, so
there are no negative eigenvectors of the orthogonal part. Thus, the orientation line
bundle is trivial at θ2 = 0. Therefore,
χB ({θ2 = 0} ,F ,OL) = χB ({θ2 = 0} ,F) = 1− 0 = 1;
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note that there are no closed one-forms on this leaf closure, because it is not transver-
sally oriented. The polar decomposition of the linearization ofW at θ2 = pi is 1∗(−1),
and the orientation line bundle Oπ is simply the normal bundle to the leaf closure.
This bundle is nontrivial and has no basic sections, so dimH0B ({θ2 = 0} ,F ,OL) = 0.
On the other hand, let s denote a basic section of the pullback of Oπ via the lift of the
leaf closure θ2 = pi to X˜ × S1 × S1; such a section exists because the pullback of Oπ
is trivial. The basic one-form dθ1 ⊗ s is closed and descends to a basic one-form on
Y with values in Oπ, because the orientation-reversing action of b changes the sign
of both dθ1 and s. It follows that dimH
1
B ({θ2 = 0} ,F ,OL) = 1. Thus,
χB ({θ2 = 0} ,F ,OL) = 0− 1 = −1.
By Theorem 3.18,
χB (Y,F) =
∑
L critical
indL(V )=+1
χB (L,F ,OL)−
∑
L critical
indL(V )=−1
χB (L,F ,OL)
= (1)− (−1) = 2.
These calculations show that there does not exist a basic vector field on (Y,F) that is
nowhere tangent to the foliation; in fact, any F-nondegenerate basic vector field on
(Y,F) must be tangent to the foliation on at least two distinct leaf closures.
Example 3.24. Let N be a smooth, four-dimensional closed manifold with finite
fundamental group. Let (M,F) be any foliation that is obtained by suspending a
discrete subgroup Γ of a compact Lie group of diffeomorphisms of N . That is, choose
a manifold X along with a surjective homomorphism φ : pi1 (X) → Γ, and let M =
X˜ ×N/pi1 (X), where pi1 (X) acts on the universal cover X˜ by deck transformations
and on N via φ. The foliation F is locally given by the X˜-parameter submanifolds.
Choose metrics for X and N ; by averaging the metric on N over the Lie group of
diffeomorphisms, we may and do assume that pi1 (X) acts on N by isometries. The
metric on M defined locally as the product of these metrics is bundle-like for the
foliation F . Furthermore, this foliation is taut, so the standard form of Poincare´
duality holds for basic cohomology (see [17]). The basic forms of (M,F) are given by
forms on N that are invariant under the discrete group of isometries, and the basic
cohomology is isomorphic to the cohomology of invariant forms on N . Since pi1 (N)
is finite, H1B (M,F) is trivial. We conclude that
χB (M,F) =
4∑
j=0
(−1)j dimHjB (M,F)
= dimH0B (M,F) + dimH2B (M,F) + dimH4B (M,F)
= 2 + dimH2B (M,F) ≥ 2.
Theorem 3.18 implies that every F-nondegenerate basic vector field on (M,F) must
have at least two distinct critical leaf closures.
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